We propose a new real space renormalization group transformation useful for Monte Carlo calculations in theories with global or local symmetries.
The main problem is the necessity of using many couplings to describe the RG trajectory after several scale transformations. In the case of gauge theories, the preservation of the local symmetry adds a further difficulty in the definition of the renormalization group transformation (RGT).
To avoid the appearance of many new significant couplings, we need to improve the RGT in order to get the RG fixed point closer to the simulation point. In this way the generated couplings are of relatively less importance and thus the truncation errors are strongly reduced [1] . This idea has been applied to spin [1] and gauge [2] theories. In these works a sum over neighbor spins or over different paths is made. The mean is weighted depending on some free parameters which can be tuned.
Consequently, the way of constructing efBciently the renormalized fields (RF's) is a key problem. While the mean over neighbors gives good results in simple models, it becomes more involved with complex actions.
The situation gets worse when considering gauge theories. In such a case the necessity of preserving gauge invariance forces to take the mean over ordered products of 6elds along 6xed-end trajectories. This calculation On the other hand it is well known the existence of powerful relaxation techniques in the study of several problems like spectroscopy [3] or topological studies [4] . From the point of view of spectroscopy calculations, the idea is to reduce the short-distance Buctuations, thus obtaining a better projection of the operators over the desired physical state.
According to the actual form of the action an ad hoc transformation of the fields (smearing) is built that damps the high frequencies. We remark that in the gauge case it has sense only to consider the smoothing of the energy distribution or of any other gauge invariant operator, not of the fields themselves, as the local symmetry makes meaningless the concept of local value of the field.
Our proposal for a RGT consists of a two step procedure. We first perform a relaxation transformation, suitable both for spin and gauge theories, and then, a simple change of scale (blocking) by a factor of 2 in order to de6ne the RF. There are &ee parameters in the transformation that allow us to place the fixed point of the RGT over a wide region of the coupling space. The best choice corresponds to place it close to the simulation point. By iterating the ROT it is possible to reach lattice sizes as small as desired; down to side L = 2 if we start, as will be done in this article, &om lattices with side L=2.
The study of the coupling Qux in the parameter space is useful to compute the fixed points and critical exponents [5] . Using the Schwinger-Dyson equations (SDE's) on the lattice [6] it is also possible to measure the renormalized coupling at every RG step. (1) On the original lattice we perform n, iterations with (6); (2) we block the system by a factor 2, using decimation.
We are then left with two &ee parameters, n, and e, which permit us to control the position of the fixed point inside the critical surface.
Beginning from a cubic (L ) lattice with log2L integer, after iterating the RGT up to a blocked lattice side equal to 2 we have a sequence of sizes (N~= L/2 ) and renormalized fields and couplings ({8s), Ps) where b = 0, . . . , log2L is the block level with b = 0 being the original lattice.
On the original lattice the dynamics is governed by the value of the unrenormalized P, parameters. In the blocked lattices the distribution of the 6elds comes kom the original distribution and &om our RGT.
We can compute on these lattices not only the observables but also the couplings needed in order to obtain the same values for the observables in an independent simulation: the renormalized couplings (see next section).
Starting from a lattice of side L with couplings P = (Py . .. P . . . ) (Np and P respectively, in the previ ous notation) we arrive to Nq and P after a RGT. The movement from P to P represents the RG fiux starting from P after a RGT with a scale change of 2. This discussion applies to all levels of RGT. Once on the fixed point the system does not evolve anymore. We remark that in order to accomplish that, it is crucial that all the steps must be identical at all the blocking levels.
III. SDE [7, 8] . We will use these values to compare with our computation.
In general, when we perform a RGT new couplings will be generated in the system. Our goal will be that Fig. 2 and the process is repeated for the following RGT.
In the first steps we see, in Fig. 2 , that the fiux follows, with small corrections, the critical line towards the fixed point. It is clearly seen to be located between the second and third steps, where the trajectories slightly start to separate from the critical line. In the fourth step they are rapidly moving away. A similar behavior for other RGT will be represented in Fig. 4 .
Our aim is to reduce the distance &om the simulation point P, = Fig. 3 the results with the best value). The results with a standard mean rule (summing the fields over 2s cubes and normalizing the results) are of similar quality than for n, = 1 (see Fig. 4 Now it is possible to draw the fiux in a two-dimensional parameter space.
In Fig. 4 Fig. 4 , are again very similar to those &om the majority rule.
The RGT performed in the following paragraph and sections will always correspond to the choice (n, = 2, e = 0.285).
In Fig. 5 Fig. 1 ).
One may be tempted to tune e in order to obtain Pz --0. But there, the SDE with P, = O, Vi ) 1 are also valid and will produce a deviation between Pi and Pi = 0.4542 that will be larger than the one obtained with e = 0.285. Remember that this value was selected to minimize the distance from the fixed point Pi in the one coupling calculation. We expect that the chosen value of e will make small the higher-order couplings at the fixed point.
C. Systematic errors
A first source of errors are the truncation effects that occur when the calculation is restricted to a single coupling space. Computations with more couplings may be useful to obtain higher precision results, and in particular may be eKcient in a model as simple as the one we are considering here. However, we are not strictly interested in reducing the truncation efFects but in monitorizing them, for that reason we introduced the two coupling calculation. Notice that our main scope is to check the quality of the results when neglecting higher-order contributions in order to know what can be expected when applying the method to more complex models. In particular those with interacting scalar and gauge fields, where the starting point is an action with several couplings, so that computing new renormalized higher-order couplings may become a very complex task.
Another source of systematic errors is the possible nonlinearity of the RGT in the first RG steps if the starting point is not close to the fixed point. This effect can be reduced by discarding the measures at the first iterations.
Unfortunately the last RG steps may be also useless due to finite size eH'ects. Let us consider for example the mean value of the energy operator. When the correlation length ( is near I, if we assume a correlation function of the type G(r) = Ae& "i'~l/r, the contribution of a path that wraps around the lattice is of the order of Ae~/L, which is not negligible compared with the direct G(1) A. This produces a growing of the value of energylike observables (0) at the critical point that makes the crossing between 0 (P) functions to shift to lower values of P. In other cases, the lattice size puts harder constraints on the observables, as for example happens for the mean value (cos(8 +"-Hn ")) that becomes exactly 1 when Ns = 2.
However, when using Eqs. (14) and (16) 
where we have used the identity Pz --f(Pq, 0, 0, . . . ). In Fig. 7 we plot the results computing the ratio be- (&), = f(L""(/3 -P.)) (29) this means that the derivative at P = P, is just proportional to a power of the lattice size. Using The results show a good behavior, regarding the stability of the coupling, after an appropriate tune of the parameters of the transformation.
